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1. Assume that X = {(Xn,Fn) : n ≥ 0} is a stochastic sequence with E(|Xn|) < ∞.
Prove that if X is a local martingale, then X is a generalized martingale. (4p)

2. Let {Xt : t ∈ Z} be an ARMA(1, 2) process defined by Xt + 0.5Xt−1 = 0.5ǫt−2 +
b0ǫt for all t where {ǫt} is white noise and D(Xt) = 0.375. Calculate the

(a) positive value of the parameter b0. (4p)

(b) probability P (2Xt + Xt−1 ≤ 1). (4p)

3. Consider the ARCH(1) process {ht : t ∈ Z} with a0 = a1 = 1

2
, E(h2

t
) = 1 and

E(h4
t
) = 9. Calculate

(a) C(h2
t
, h2

t+1). (4p)

(b) the conditional density function fht|ht−1
(h|h̃). (4p)

4. Let {Nt : t ∈ R
+} be a Poisson process with intensity λ = 1. Prove that the pro-

cess {Yt : t ∈ R
+} defined by Yt = Nt+1 − Nt for all t ∈ R

+ is weakly stationary.
(5p)

5. Consider the random process {θn : n ∈ Z} which is equipped with the flow
{Fn : n ∈ Z} where Fn = σ(θn, θn−1, θn−2, . . .). Assume that E(θk

n+1|Fn) = θk

n−1

for all k = 1, 2, 3, . . ., that E(|θn|) < ∞, E(θ2
n
) < ∞ and |C(θn, θn+1)| < ∞ for

all n ∈ Z. Then, is the process {(θn+1 + θn)2 : n ∈ Z} a martingale, a super-
martingale, a submartingale or neither of these? (5p)

GOOD LUCK!


