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1. Let X = {(X,,,F,) : n > 0} be a stochastic sequence with F(|X,|) < oco. Show
that if X is a generalized martingale, then X is a martingale transformation.(5p)

Solution: (See pp 98-99 in FEssentials of Stochastic Finance. Facts, Models,
Theory. by A.N. Shiryaev.) O

2. Let {X; :t € Z} be an AR(1) process with parameters ay = 100 and a; = 0.9.
Determine the

(a) conditional probability P(X, < 111|X,_; = 11) if 2 = 0.81. (4p)
(b) noise variance o2 such that the process {X,,} is stationary. (5p)
Solution:
(a) Since X,, = 100 + 0.9X,,_; + v/0.81¢, for all n, we have that P(X, <
111] X,y = 11) = P(100+0.9-11+0.9¢,, < 111) = P(e, < H=10-091) —
O (H=D02)$(1.22) = 0.8888.
(b) To be stationary o? must be 1 —a? =1 — 0.9% = 0.19. 0

3. Assume {h,} is distributed according to the HARCH(p) model with ay = 1.
Show that

>
kap, > 0
— (6p)

Solution: h,, = 0,¢c, where 02 = ap+y r_, a ( Z§:1 he D isiii<k hn_ihn_j)
For i < j we have E(h,_ihn,—;) = E(en—i)E(0p_ihn—;) = 0 so E(h2) =
= ao Y h_yap > E(h2_;) but E(h2) = E(h3_;) = c for all j so ¢ = ag +
¢ ¥_, kay which implies that E(h2) = ¢ = sy > 0, i ag > 1-3"7_ kay.
Now, if ap =1 we have that 1 > 1 —>"7_, kay, and thus ) }_, ka, > 0. O



4. Consider the random walk {X,, : n=0,1,2,...}.
(a) Calculate V(X3). (4p)
(b) Prove that the geometric random walk {Y,, : n = 0,1,2,...}, where Y,, =

e®"  is a submartingale with respect to the filtration {F,} where F, =
O'(Xl,XQ,...,Xn). (Gp)
Solution:
3 w.p.1/8
2 w.p. 1/4
. . 1 wp.1/2 o o 1 w.p.3/8
(a)Xo—O,Xl—{l W.p.1/2’X2_{ 0 W.p.1/2,X3— 1 Wp3/8
2 wop.1/4 3 w18
Therefore E(X3) =0 and E(X35) =323 +12- 3+ (-1)?3 +(-3)*- 5 =3

and thus V(Xs) = B(X2) — B(Xs)2 =12 2= 15

4 4

(b) Since {X,} is a random walk we can write X,, = > 7 e = X1 + €,
1 wp.1/2 _
1 owp 1/2 Therefore E(Y,, | Fn-1) =
= E(eX" |X1,X2, c. ;Xn—l) = E(@X"_lJrG" |Xn—1) = GX"_IE(BG”)
= Mol el ) = M et s X = Y because e e > ¢ >

Thus {Y,,} is a submartingale.

where {¢} are i.i.d. and ¢, = {

(|



