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1. Let X = {(Xn,Fn) : n ≥ 0} be a stochastic sequence with E(|Xn|) < ∞. Show
that if X is a generalized martingale, then X is a martingale transformation.(5p)

Solution: (See pp 98–99 in Essentials of Stochastic Finance. Facts, Models,

Theory. by A.N. Shiryaev.) 2

2. Let {Xt : t ∈ Z} be an AR(1) process with parameters a0 = 100 and a1 = 0.9.
Determine the

(a) conditional probability P (Xn ≤ 111 |Xn−1 = 11) if σ2
ǫ = 0.81. (4p)

(b) noise variance σ2
ǫ such that the process {Xn} is stationary. (5p)

Solution:

(a) Since Xn = 100 + 0.9Xn−1 +
√

0.81ǫn for all n, we have that P (Xn ≤
111 |Xn−1 = 11) = P (100+0.9 ·11+0.9ǫn ≤ 111) = P (ǫn ≤ 111−100−0.9·11

0.9
) =

Φ(111−100−0.9·11
0.9

)Φ(1.22) = 0.8888.

(b) To be stationary σ2
ǫ must be 1 − a2

1 = 1 − 0.92 = 0.19. 2

3. Assume {hn} is distributed according to the HARCH(p) model with a0 = 1.
Show that

p
∑

k=1

kak > 0
(6p)

Solution: hn = σnǫn where σ2
n = a0+

∑p

k=1
ak

(

∑k

j=1
h2

n−j+
∑

i6=j,i,j≤k hn−ihn−j

)

.

For i < j we have E(hn−ihn−j) = E(ǫn−i)E(σn−ihn−j) = 0 so E(h2
n) =

= a0

∑p

k=1
ak

∑k

j=1
E(h2

n−j) but E(h2
n) = E(h2

n−j) = c for all j so c = a0 +

c
∑p

k=1
kak which implies that E(h2

n) = c = a0

1−
Pp

k=1
kak

> 0, i.e. a0 > 1−∑p

k=1
kak.

Now, if a0 = 1 we have that 1 > 1 − ∑p

k=1
kak, and thus

∑p

k=1
kak > 0. 2



4. Consider the random walk {Xn : n = 0, 1, 2, . . .}.
(a) Calculate V (X3). (4p)

(b) Prove that the geometric random walk {Yn : n = 0, 1, 2, . . .}, where Yn =
eXn , is a submartingale with respect to the filtration {Fn} where Fn =
σ(X1, X2, . . . , Xn). (6p)

Solution:

(a) X0 = 0, X1 =
{

1 w.p. 1/2
−1 w.p. 1/2

, X2 =







2 w.p. 1/4
0 w.p. 1/2

−2 w.p. 1/4
, X3 =















3 w.p. 1/8
1 w.p. 3/8

−1 w.p. 3/8
−3 w.p. 1/8

.

Therefore E(X3) = 0 and E(X2
3 ) = 32 · 1

8
+ 12 · 3

8
+ (−1)2 3

8
+ (−3)2 · 1

8
= 3

and thus V (X3) = E(X2
3 ) − E(X3)

2 = 15

4
− 02 = 15

4
.

(b) Since {Xn} is a random walk we can write Xn =
∑n

k=1
ǫk = Xn−1 + ǫn

where {ǫk} are i.i.d. and ǫk =
{

1 w.p. 1/2
−1 w.p. 1/2

. Therefore E(Yn | Fn−1) =

= E(eXn |X1, X2, . . . , Xn−1) = E(eXn−1+ǫn |Xn−1) = eXn−1E(eǫn) =
= eXn−1(e−1· 1

2
+e1· 1

2
) = eXn−1 · e−1+e

2
> eXn−1 = Yn−1 because e−1+e > e > 2.

Thus {Yn} is a submartingale. 2


