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1. Prove the sufficiency part of the Martingale criterion for absence of arbitrage.
(5p)

Solution: (Se p 413, Essentials of Stochastic Finance. Facts, Models, Theory.
by A.N. Shiryaev.) O

2. Let {X,, : n € Z} be an MA(oc) process with parameters = 0 and by, = 27* for

k=0,1,2,3,...
(a) Determine the variance of X,,, D(X,,). (4p)
(b) Calculate P(X,+1 <1|X, =1). (3p)
(¢) Assuming by = 1, by = % and b, = 0 for £ = 2,3,4,... Prove that the
process {X,,} is mesokurtic. (5p)
Solution:

(a) X, =0+2%, +27 ¢, 1 +27", o+ ...
Since {e€,} is white noise, i.e. independent and N(0,1), we have that
Dl(X")f 1-D(en) + 55 D(€p—1) + 9 D(€n—2) ... = Y o 358 = dopeo(3)F =

T — .
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(b) Xnt1 = €np1tientomen1tosenot... = enriti(enticn1+oenot...) =
€nt1 + %Xn
= P(X,41 <1[X,=1)=Peap1 +3-1<1) = P(ep1 < 3) = 2(05) =
0.6915.

c) To prove that nt 1s mesokurtic we have to show that the kurtosis

(c) Top hat {X,} i kurti h h hat the k i

E(X, —p)*
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Since = 0 and b = 0 for k: > 2 we have that X,
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B((entien-1)") = E(e 4 genen1 +6(3) e S -1

E(ey) + 2E(e;)E(en1) + ?’E( (S ) + sE(en)E(e fi D)+ gElen ) =

340+ 32+0+L-3=2D Further E(X2) = 1%+ (3)? :3 so B(X2)2 =2

and thus v, = % —3=0,ie. {X,} is mesokurtic. O
3. Calculate the fourth moment E(h?) of an ARCH (1) process {h,}. (4p)

Solution: For the ARC'H(1) process h,, = 0,6, where 02 = ag+a;h?_;. Since it
is a weakly stationary process we have that E(h}) = F(hl_,), a constant we may
denote by my, and my = E(h?_,) = E(h?_,) and due to independence between
¢, and o, we get

my = E(h,)
= E(0,)E(e))

= 3E((ag + arh}_,)?)
= 3(ag + aiE(hy_y) + 2apa1 E(h2_)))

NOW meo = E(hg) = E(O’i)E(G%) E(CLQ + a1h2 ) =ag + alE(hi 1) = Mo =
2 Therefore my(1 — 3a3) = 3a§ + 6aga; 1>
E(h,) = m
3 + 6a0a1
1 3a1
3a3(1 — ay) + 6a2ay
(1-3a2)(1—ay)
3&%(1 + (11)
1 —3a)(1—ar)
a

4. Let {h, : n € Z"} be an asymetric random walk such that hy = 0 and h,, =
Y pey Uy for n = 1,2,3,... where the sequence {U;} consists of independent
random variables such that P(Uy =1) =1 — P(Uy = C') = p where 0 < p < 1.

(a) Determine the number C such that {h,} is a martingale with respect to the
flow {F,} where F,, = o(Uy, Us, ..., U,). (4p)

(b) Assume that C' = —1 and that the observations h; = 1, hy = 2, hy = 1,
hy = 2, hs = 3 are made. Calclulate the maximum likelihood estimator of

p. (5p)



Solution:

(a) For the condition E(h,1 | F,) to be satisfied we have to have E(h,+1 | Fn) =
EUns1+ ho | Fn) = hy + E(Upy1) = hy, i.e. E(U,41) should equal 0. Thus
EUw1) =1-p+C(1—p)=0 = p+C—-Cp=0 = C(1l—p)+p=

0 = C=—7% (ok, since p < 1).

(b) Assume C' = —1. Since hg = 0 we have that P(hy = 1,hy =2, h3 = 1,hy =
2, hs = 3) = P(hy = 1)P(hy = 2| hy = 1)P(hs = 1| hy = 2)P(hy = 2| hy =
)P(hs =3|hy =2)=p-p- (1 —p)--p=7p°—p*={(p). The value of p
which maximizes ¢ should satisfy ¢'(p) = 0, i.e. p>(4 — 5p) = 0. Since p > 0
the only solution is p = % = 0.8. Thus the value of the estimator is p = 0.8
in this case. O



