13. [J.M. Steele, 2001] Use the defintion of conditional expectation to prove the tower
property. if G, H are o-algebras such that X € G C H, then F{E(X |H)|G) =
E(X|G).

14. [J.M. Steele, 2001] Show that it § C H, X € G, Y € H, E(|X|) < ocand YV is
bounded, then E(XY |G) =X E(Y |G).

15. Show that if {X,} is a supermartingale such that (X,,) is constant, then {X,}
is a martingale.

16. Let {S, : n > 1} be a sequence which satisfies S, = > _,_, X where Xy,..., X,
are independent and

1 when k=1
X, = { —k? wp k7? when k=2,3,4,...

kfil w.p. 1 — 5 when k=2,3,4,...

(a) Is {S,} a martingale, a submartingale or a supermartingale?
(b) Calculate lim F(S,).

n—00

17. Let {X,} be a random process with respect to the flow F = {F,} = {o(X5,..., Xu)}.
(a) Show that {X,} is a martingale if X,, = > ¢ and {e} is i.i.d.* with
-1 w.p. 1/2 o 9 :
| wop. 1/2 What is this {X,,} process called? What is the {e;}
process called?
(b) Let us assume that {X,} satisfies the condition P(X, = z, | Xp—1 = Tn-1,
- Kp-2 = Tpg,..., X1 = 331) = P(Xn = mn|Xﬂ,71 = mn—l) and E(Xn) = ()
for all n. What is this {X,,} process called? If {X,,} is a martingale: prove
this, if {X,,} is not a martingale: give a counterexample.
(¢} Let {X; : t € R"} be the process defined by X; = Ny — ¢ where {N;}
is & Poisson process with intensity 1. Now let {Y¥, : n € Z*} be con-
structed from the process {X;} according to ¥V; = CX;, ¢ € R for all

t =1,2,3,... Prove thai {¥,} is a martingale with respect to the flow
{Fo} where F, = o(Y1,..., Ya).

€ —

18. Let {S,} be the random walk S,, = > 7", €; where P(e; = 1) =p, P(e; = —1) = ¢
and p + ¢ = 1. Under what conditions is {S,} a

(a) martingale
(b) supermartingale
(¢) submartingale

with respect to the filtration {7, } where F,, = o(ey, €a, ..., €n).

2 ii.d. means independent and identically distributed and w.p. means with probability.
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