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1. Let C, be the lower price of hedging against some non-negative Fy-measurable

function fy. Prove that if a contract is bought for a price less than C,, then
there exists arbitrage for the buyer. (4p)

Solution: (See pp 396-397 in FEssentials of Stochastic Finance. Facts, Models,
Theory. by A.N. Shiryaev.) O

. Assume that {h, : n € Z} is an AR(2) process with coefficients ap = 1, a; = —3,
as = ; and white noise variance 02 = . Calculate
(b) P(hy, — hpt1 < 1). (4p)

Solution:

(a) Denoting C'(hy, hpyr) by R we have accordmg to the Yule-Walker equa-

tions with a; = ;, as = 3 L and 0 that
(1): Ro+ %Rl — ZRQ = 156 (1"): 4Ry + 2R — R» %
(2): R+ %Ro — iRl =0 (2): 2Ry + 3R, 0
3): Ro+iRi—1R, = 0 = ) (3): 3Ry +2R, — 1
(4): Rs+ %Rg — iR1 =0 (4): 4R3+ 2Ry — Ry 0

mlw Il

3(3)-2(2') = BRy=3 = Ry=3(-23)=—-%2 = Ry—3+4-34+2:(—

TS Ry=1(-2 2. 1y = L TN Ok, huys) = L1
(b) Since {e,} is white noise with ¢ = - this means that it is a sequence of inde-
pendent variables all distributed N (0, ). Hence hp, — hpy1 is also normally
distributed with g = E(hy,—hy41) = 0 and 0* = D(h,—h,11) = 2Rg—2R; =

2(2+2)=2. Thus P(hy — hyp1 <1) = @(1\/50) ®(0.7071) = 0.7611. O

) =



3. Let {X,,} be a simple random walk, i.e. Xo =0and P(X,.; =2+ 1| X, =2) =

5.

(a) Calculate E(X3). (3p)
(b) Show that {X,} is not stationary. (4p)
Solution:

(a) B(X3) =>_,, v*P(X5 = x3). After a little thinking and drawing we realize
that, since Xy = 0, the only possible values of X; are {—1, 1}, the possible
values of X, are {—2,0,2} and the possible values of {—3,—1,1,3}. And
to the values —3 there is only one path, so P(X3 = —3) = (3)° = &
Similarly P(X;3 = 3) = (3)* while —1 and 1 share the rest of the probability
mass and since P(X3; = —1) = P(X3 = 1) for symmetry reasons, we get
PX;=-1)=1(1-2-%) =42

Thus E(X3) = (=3)*s + (-1)*2 +1*- 2 +3*. £ =21.

(b) Let {Zx} be a sequence of i.i.d. varibles such that P(Z, = —1) = P(Zy =

1) = % for all £k € Z. Then X,, can be represented as X,, = ZZ:1 7. and
n+71

C(Xny Xpir) = c(ézk, > %) = c(ézk,ézk)+c< Sz ST z) =

k=1 k=n-+1

w

SN S C(Z5,Z) = . C(Zk, Zi) = n (since V(Z) = (—1)2%+12~%—02 =1)
=1 k=1 k=1

which is not a function only of the time distance 7, but rather only of the
time location n. Thus {X,} is not stationary. O

4. Assume {M,} is a martingale with respect to the filtration {F,}. Prove that
E(eM=M | F) > 1, (4p)

Solution: E(eM 1M | F,) = E(eMmtie | F,) = e MnE(eM | F) >

> e Mneb(Mni1|Fn) — e=MneMn — 1 where the step > is due to the Jensen’s
inequality since the exponential function is convex. O

5. Assume that {X,, : n € Z"} is a stochastic volatility model of order p = 1 with

2

lai| < 1. Assume that Ag € N(22-, 1fa§)'
(a) Prove that E(e®r) = /2 for any n € Z. (4p)

(b) Calculate F(X?). (4p)



Solution:
(a) Assume Y € N(0,1). Then

1
E(eM) = /e Y _y2/2dy

_ - cy— y2/2d
= o Yy
/
— _ / —(y—o) /2+02/2d
\/_
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(b) In the stochastic volatility model of order 1 X,, = o0,¢, where o, = e

A, =ag+ a;A, 1+ ¢d, and {¢,} and {4, } are white noise independent of
each other. Then

E(X7) = E(o)E(e)
= E(e®)

_ E( ap+a1Ap_1+con )

= e [E(eMAn1)F(e)

Since Ay € N(7%2-, 1‘312) we can write Ay = ‘iZ =+ 7%2-. Then we have
a2
that E(e?0) = exp(ljzll)E<exp ( 1C—a§ Z)) = exp(72%- + m) Thus

BXZ) = B(e™) = Bewrndoreh)
= ™ F(eMR0)E(e™)

= e"E[exp he _z + 1% /2
1—a3 l—ay

2
= exp (ao + % + fedL 4 oI a1))
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