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1. Prove the equivalence for strategies m€ SF in a (B, S)-market with dividends

A AX™ = B, AB. 47, (AS,+AD
{ Bn 1AL, + (Sy—1 4+ Dp1)Av, =0 — n = BnABy+yn(AS,+AD,)

for alln € Z*. (4p)

Solution: We must show that AX™ = (,AB, + v,(AS, + AD,,) using only
that X7 = B,By + 7u(Sa + D,) and X7 = S AXy, B, = S0 AB;,
Sp = ASy, D, =37 | ADy (assuming X7 = By =Sy = Dy = 0).

AXT = XT— XTI,
- ﬁan + 'Vn(Sn + Dn) - ﬂn—an—l - rYn—l(Sn—l + Dn—l)

n n n n—1 n—1 n—1
= B2 ABet (X A+ 3 ADL) = fuy X AB — Y ( L AS + Y AD)
k=1 k=1 k=1 k=1 k=1 k=1

n—1 n—1 n—1
= (Bo—Brt) S ABy + (n—nr) ( SAS S ADk) 4 BuABy + m(AS, + AD,)
k=1 k=1 k=1

n—1 n—1 n—1

Here (B, = fu1) S ABy + (= ) LASy + S AD) = ByaAbo+
k=1 k=1 k=1

+(Sn—1+ Dp—1)Av, = 0. Thus AX] = G, AB, +7(AS, + AD,,). O



2. Let the process {X; : t € Z*} be defined by X, = >'_, ¢, where {¢, : s € Z*}
is a sequence of independent random variables such that P(e; = 1) = %
P(e,=—1) =1 for all s € Z*.

(a) What is the process {X;} called? (2p)
(b) Is {X,;} weakly stationary? (3p)
Now let P(e; =1) =1— P(e; = —1) = p for all s € Z* where 0 < p < 1.

(c) Calculate the moment generating function of Xy, i.e. m(s) = E(e***). (4p)

Solution:

(a) The process X; = > ., ¢, where {¢,} are independent and P(e, = 1) =
P(e;) = 1 is commonly known as a (simple) random walk.

(b) To be weakly stationary E(X;) should be constant and C(Xj, X;) should
be a function of s —t. We have that E(X;) = >._, E(es) = t(1- 1+
(—1)- %) = 0. Assume s < t. Then C(Xy, X;) = C(3 0 €u, Dy €0) =

v=1
= O(Zi:l €ur Dy €0) T C(Zi:l €u, ZZ:S—H €) = 22:1 Zi:1 C(€u, €5)+
3 1 Clewe) = Yo Cley, ) + 0 = 5. Assuming s > ¢ for
the same reasons gives C(X, X;) = t. Thus C(X, X;) = min(s,¢) which
cannot be written as a function of s — ¢, i.e. {X;} is not weakly stationary.
(c) BE(esXt) = B(esatret-ta)) = Fesrese ... %) = B(e*1)E(e%2) - - - B(e*t) =
= (E(e*))" since the variables of {¢} are iid. Since P = 1) =
= 1—-Pleg = —1) = p we get E(e’t) = e*lp + eV — p) =
=p(e* —e®)+e * =2psinhs+e*. O

3. Suppose log returns {h;} are distributed according to the ARC H (p) model. Cal-
culate

(a) C(hy, hiys). (2p)
(b) D(hy). (4p)
Solution:

(a) Since E(¢) = 0 we have that E(h;) = E(owe) = E(oy)E(e;) = 0. Thus
C'(hyy hiy3) = E(hihiis) = E(hioiis€irs) = E(hioy3)E(evs) = 0.

(b) In the ARCH(p) model h; = ay¢; and 07 = ag + S )_, axh? . Therefore
D(h) = E(hi) — (E(h))* = B(o}€}) — 0 = E(ag + Yoy, axhi 1) E(e}) =
= ap + Y, axE(h? ). Since the ARCH(p) is weakly stationary by
definition, F(h?) is constant w.r.t. t. Thus E(h?) — Y, a,E(h? ) =
= BU2)(1 - X, ay) = ag 50 D(hy) = B(W) = ao/(1 - Sy o). O



4. Show that the variables of the AR(1) model with ap = 0 are mesokurtic.  (6p)

Solution: X; = a; X;_1 + o.€;.

E(X;) = aiE(Xy) + 0:E(e)) = E(X;) =0. E(X?) = E((alXt_l + Ueet)Q)Qz

aiE(X2 ) + 0?E(€}) 4+ 2a10. E(X;16) = G2E(X?) + 02 = FE(X}?) = 1”‘%

E(X}!) = E((alXt 1+ o)) = E(aiX}!, + 4a3 X} jo.6; + 6a3X7 10 2624

+da; X; 10363 + 04621) = alE(X} ) + 0+ 6a2E(X? )ec? -1 +0+0t-3 =
aiB(X}) + 6a3o.2 + 30 = E(X}) = Gafol+30f 30 (a1+1)

o (1*a§)(1*a‘11) (1*@)(1*“?)(1“@)'
Since (E(X?))? = 57 we get that the kurtosis is

ay
E(XH 3 =

(1-
30j(ai+1)  (1-a})?
(B(X7))? ai)?(1+af) ol

2
17a1

— 3 = 0. Thus the variables are mesokurtic.
O

(1-

5. Assume that {M,} is a martingale with respect to the filtration {F,}, that
FE(M?) < oo and construct the previsible sequence {A,} by letting Ay = 0 and
Apr = Ap+ E(Myq — M,)? | Fp) for n =0,1,2,... Show that {A,} is non-
decreasing. (5p)

Solution: For all n =0,1,2,... we have that

Ayt = A+ E(Mpy — M) | Fy)
= A, + E(M.. —2M, M, + M2 | F)
A+ BE(My 1 | Fo) = 2B(Mo i My | F2) + E(Mg | F)
= An+E( 2+1“7:t) QME( n+1|Ft)+Mn2
= A, +E(M},,|F)—2M;+ M
= A+ E(Mg | F) — (M)
= An+E( 2+1|‘7:t) ( ( n+1|Ft))
= A+ D( n+1|‘7:t)
> A,

Thus {A,} is non-decreasing. O



