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1. Prove the necessaty part of the martingale criterion of absence of arbitrage.(6p)

Solution: (Se p 413, Essentials of Stochastic Finance. Facts, Models, Theory.

by A.N. Shiryaev.) 2

2. Calculate the covarinace function R(h) = Cov(Xt, Xt+h) of an MA(1) process
with parameters b0 = b1 = σ2

ǫ = 1. (6p)

Solution: Xt = b0 + b1ǫt−1 + σǫǫt = 1 + ǫt−1 + ǫt where {ǫt} is white noise.
D(Xt) = D(1 + ǫt−1 + ǫt) = 0 + D(ǫt−1) + D(ǫt) = 2.
C(Xt, Xt+1) = C(1 + ǫt−1 + ǫt , 1 + ǫt + ǫt+1) = C(ǫt, ǫt) = 1.
C(Xt, Xt+h) = C(1 + ǫt−1 + ǫt , 1 + ǫt+h−1 + ǫt+h) = 0 when h ≥ 2.
Since the covariance function is even we have that

R(h) =







2 if h = 0
1 if |h| = 1
0 if |h| ≥ 2

2

3. Assume that stock market log returns, {ht}, are distributed according to the
HARCH(2) model with positive coefficients a0, a1, a2. Show that

a1 + 2a2 < 1
(6p)

Solution: In the HARCH(2) model hn = σnǫn where {ǫn} is white noise and
σ2

n = a0 +a1h
2
n−1 +a2(hn−1 +hn−2)

2 = a0 +(a1 +a2)h
2
n−1 +a2h

2
n−2 +2a2hn−1hn−2.

We have that E(hn−1hn−2) = E(σn−1ǫn−1hn−2) = E(ǫn−1)E(σn−1hn−2) = 0
so E(h2

n) = E(σ2
n)E(ǫ2

n) = E(a0 + (a1 + a2)h
2
n−1 + a2h

2
n−2 + 2a2hn−1hn−2) =

= a0 + (a1 + a2)E(h2
n−1) + a2E(h2

n−2) + 2a2E(hn−1hn−2) = a0 + (a1 + 2a2)E(h2
n),

since E(h2
n−2) = E(h2

n−1) = E(h2
n). This means that E(h2

n) = a0

1−a1−2a2

> 0
where a0 > 0 and thus also 1 − a1 − 2a2 > 0, i.e. 1 > a1 + 2a2. 2



4. Assume {Xn} is a time homogeneous Markov chain with state space {0, 1} and
transition probabilities P (Xn+1 = 0 |Xn = 0) = 1 and P (Xn+1 = 0 |Xn = 1) =
0.01. Show that {Xn} is a submartingale. (6p)

Solution: P (Xn+1 = 0 |Xn = 0) = 1 ⇒ P (Xn+1 = 1 |Xn = 0) = 0 and
P (Xn+1 = 0 |Xn = 1) = 0.01 ⇒ P (Xn+1 = 1 |Xn = 1) = 0.99. We get
E(Xn+1 |Xn = 0) = 0·P (Xn+1 = 0 |Xn = 0)+1·P (Xn+1 = 1 |Xn = 0) = 0 = Xn

and E(Xn+1 |Xn = 1) = 0 · P (Xn+1 = 0 |Xn = 1) + 1 · P (Xn+1 = 1 |Xn = 1) =
0.99 ≤ 1 = Xn. Thus E(Xn+1 |Xn) ≤ Xn, i.e. {Xn} is a submartingale. 2

5. Calculate E(Xn) where {Xn : n ∈ N} is a geometric random walk1. (6p)

Solution: Xn = eRn where Rn =
∑n

k=1
Uk and Uk =

{

−1 w.p. 1/2
1 w.p. 1/2

.

Then, writing Rn as the linear combination 2Bn − n of a random variable Bn ∈
Bin(n, 1

2
) and using the binomial theorem, we have that

E(Xn) = E(eRn)

=
∑

j=−n,−n+2,...,n−2,n

ejP (Rn = j)

=
∑

j=,−n+2,...,n−2,n

ejP (2Bn − n = j)

=
∑

j=−n,−n+2,...,n−2,n

ejP (Bn = 1

2
(j + n))

=

n
∑

j=0

e2j−nP (Bn = j)

=
n

∑

j=0

e2j−n
(

n

j

)

(1

2
)j(1

2
)n−j

=

n
∑

j=0

(e2)je−n
(

n

j

)

1

2n

= (2e)−n

n
∑

j=0

e−n
(

n

j

)

(e2)j · 1n−j

= (2e)−n(e2 + 1)n

=

(

e2 + 1

2e

)n

.

Alternatively, E(Xn) = E(e
P

n

k=1
Uk) = (E(eU1))n = (e−1 · 1

2
+ e1 · 1

2
)n = (1+e2

2e
)n

(which is another way of writing coshn(1)). 2

1A geometric random walk is a random process, {Xn}, satisfying Xn = e
Rn where the process {Rn}

is a random walk


