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1. Show that a local martingale is a generalised martingale, i.e. if X = {X,,, F,, :
n € Z*} is a random process with E(|Xo|) < oo, then you should prove that
X € My,e = X € GM, (where M, is the class of local martingales and GM
is the class of generalised martingels). (4p)

Solution: (Se p 98, Essentials of Stochastic Finance. Facts, Models, Theory. by
A.N. Shiryaev.) O

2. Show that the variables of a process of the GARCH family are uncorrelated.(3p)

Solution: In the processes {h,} of the GARCH family h,, = o,¢, for all n where
€, is white noise and m < n = o, Le,. Thus E(h,) = E(0,)E(€,) = E(0,)-0 =
0. Now assume m < n. Then E(h,h,) = E(hnonen) = E(hnon)E(e,) =
E(hmoy) -0 = 0. Since m # n = either m < norm > n we have that
E(hmhy) = 0 for all m # n so Cov(hp, hy,) = 0 for all m # n, which is to say
that the variables {h,} are uncorrelated. O

3. Suppose {h; : t € Z"} is a random walk with hy = 0 and

1 with probability %
hipr = he + . e 1
—2 with probability 3
(a) Calculate the covariance function R(s,t) = Cov(hs, ht). (4p)

(b) Determine the deterministic function C(t) such that the process {h; +
C(t) : t € Z*} is a martingale with respect to the flow {F;} where F, =

o(ho, ha, ..., he). (3p)



Solution:

(a) Let {Z;} be a sequence of independent variables with Z; = { _; X'g' %3 :
Then hy = hy 1+ 2y = hyot+ 2y 1+ 72 = =hs+Zsi1+...+ Z; and since

{Z;} are iid we have that h; — hs = Zs+1+...+Zt 1L Zi+...+Zy = h,,
so assuming s < t we have that R(s,t) = Cov(hs, hy) = Cov(hs, hy — hs +
hs) = Cov(hg, hy — hs) + Cov(hg, hy) = 0+ D(hs). In the same way, for

s > t we have R(s,t) = ... = 0+ D(h;). This means that in general
R(s1) = D(hminis). Now, D(hs) = D(Zy + ... + Z,) “ s D(Z)) where
D(Z)) = E(Z}) — E(Z1)* = 12 5 + (= 25— (1 3+ (=2)-3)?={so

D(hs) = 25 and R(s,t) = D(hmin(s)) = 3 mln(s t).

(b) We shall find C(t) such that {h; + C(t)} is a martingale.
E(ht—l—l |‘7:t) - E(ht+Zt+1 ‘ Ft) — ht+E(Zt+1) — ht+1%+(—2)% — ht+%
NOW, let gs = ht + C(t) Then E(gH—l ‘ Ft) = E(ht + Zt+1 + O(t + 1) |‘7:t) =
hi + E(Zy1) + C(t + 1) = hy — 2 + C(¢t + 1). This equals g; = hy + C(t) if
—s+C(t+1)=C(t), e if C(t+1) = C(t) = 5 for all .
To deduce that C(t) = %t + a, where a € R one can reason as follows.
Alternative I: Differentiate w.r.t. ¢ both sides of C(t + 1) — C(t) = £ (x).
This yields C'(t + 1) = C'(t) for all ¢ = C'(t) = b for some b € R =
C(t) = a+ bt where a,b € R. Now (¥) = b= 1,50 C(t) =a+ it.
Alternative II: Since we are dealing with discrete time one may use the
difference equation approach. C(t) = C(t —1)+ 3 =C(t—2)+ 35+ 3 =

= C(0)+t-3. Thus C(t) = a+ 5t where a = C(0) is some real number.O

4. Let {X; : ¢t € Z*} be an AR(1) process with white noise variance o2 and with
parameters ap = 0 and a; = a. Assuming {X;} is stationary, calculate

(a) the second moment of X, (4p)

(b) the fourth moment of X, (5p)

(c) the white noise variance ¢? if a = 0.9 and D(X;) = 1. (3p)
Solution:

(a) X; = aX;_ 1+ o where {¢} are independent and ¢, € N (0, 1).
my = E(X,) = aB(X,_1) + 0. E(e) S my(1—a) =0 =
E(Xt) =my = 0.
my = E(X?) = E(a*X? | +2a0. X 16, + 0'6263)' =
a*E(X2,) + 200 E(X;_1)E(e,) + 02 E(o2) “*"E
my(1—a%) = 04021 = E(X2)=my = 1%




(b) my = BE(X}) = E((a®>X? | + 2a0.X;_16; + 02€2)%) =
E(a*X} | +4a*0? X} (e +olel+4aP0 X} e+2a%02 X2 €2 +4ao3 X, 1€}) =
= a'B(X}' ) + 40?0 E(X} ) E(ef) + ol E(e}) + 4a’0 E(X} ) Ee)+
+20%0? E(X7 1) E(€]) + 4ac? B(X; 1) E(€6)) =
= atmy + 402022, + 304 + 0 + 2020222, 4+ 0

€1—qa? €1—a2
(since {X;} is stationary and E(e;) = F(X;) =0)
= my(l —a') = 6o, + 30
* S l1-a? ¢

= B(X})=my =
_ 6a’c! 430l (1—a®) 30d(1 + a?) 30
I [T R sy s | ) Rl Cp
(¢) Xy =aX; 1+ 0.
1=D(X;) = D(aX;_1+06) =a*D(X;_1)+02D(e) = a*+02 a=0.9 =
o2 =1-0.92 = 0.19. 0

5. Consider a (B, S)-market model ({B,},{S.}) where By > 0, Sp > 0, B,41 =
(14 7r)B,, Sps1 = (14 p)S, for all n and r > —1, p > —1. Show that E(p) > r
implies that the process { JSB_Z :n € ZT} is a submartingale with respect to the
flow F, = o(82, 24, ... Sn), (4p)

B_O’ B ) B_n
Solution: Assume E(p) > r. Then
%)

E(Sn-l—l ]_-n) _ E<(1+P)5n

Byt (1+7)B,

= {g—:} is a submartingale. O



