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1. Show that if {X, : n > 0} is a local martingale with respect to the filtra-
tion {F,} and max(E(X;"), F(X,)) < oo (where X, = max(0,X,,) and X, =
—min(0, X,,)), then {X,, : n > 0} is a martingale with respect to {F,}. (5p)

Solution: (Se p 100, Essentials of Stochastic Finance. Facts, Models, Theory.
by A.N. Shiryaev.) O

2. Let {NNV; : t > 0} be a Poisson process with intensity A = 3.

(a) Calculate P(N; > 4). (3p)
Is the process {Y, : n € Z*} defined by Y, = Y ;_,(=1)*(Ny — Nj_1) for all
n=1,23,...

(b) weakly stationary? (4p)

(c) a martingale with respect to the filtration {F,} where F,, = o(Y1,...,Y,)?

(4p)
Solution:

(a) P(N5s >4) =1—P(N; <4) =1— P(N; = 4) — P(N; = 3) — P(N; =

.54 . _ _ _
2) = P(Ns=1)—P(N; =0) =1— &35 18215 182,15 15115

B2e~15 = 1 — 2800.375¢ 15 = 0.9991434. O
Thus E(Y:) = E(—=(Ni — No) = —(E(N;) — 0) = =3 and E(Y3) =

= E(—(Ny — Ng) + (No — Ny)) = E(—2N; + Ny) = —2E(Ny) + E(N,) = 0.
But for weak stationarity E(Y;,) should be constant with respect to n. Thus
{Y,.} is not weakly stationary. O
() E(Yai|Fa) = B (=D (Ni = Npea)[Va, - Vo) = E((=1)" (Noas —
N+ YoV, ..., Y) = E((=1)"" (Nyyy — Np)) + Y, = (=1D)"M(3(n+1) —
3n) +Y, =3(-1)"" +Y,. But (=1)""t £ 0 for alln = 1,2,3,... 50 {Y,.}
cannot be a martingale. O



3. Let {X; : t € Z} be an AR(2) process with a; = 3, as = —3 and 0? = ¢

with
covariance function R(h) = C(X;, Xi1p). Determine R(0), R(1) and R(2). (

5p)

Solution: For simplicity let us denot R(h) by Ry, h € Z* and remember that
R(—k) = R(k). According to the Yule-Walker equations we have that

Ro— (a1R1 + axRy) = o7 Ry — %Rl + %RQ = %
Rl — (a1R0 + CLQRl) =0 ~ R1 - %Ro + %Rl = 0 ~
Ry — (a1 Ry + agRy) = 0 Ry—iRi+iRy = 0
6R0 - 3R1 + 2R2 = 1 6R0 - 3R1 + 2R2 == 1
~ —3Ry + 8RR, =0 ~ —3Ry + 8RR, =0 ~
2Ry —3R; +6Ry, = 0 16 Ry — 6 = 3
6Ry — 3R, +2Ry, = 1 Ry=£ = (.2181818
~ { —3R,+8R, = 0 ~ ( R =319 =  0.0818182
(—18 +128)R, = 24 Ry =1(1-6Ro+3R)) = —55 = —0.0318182

O

4. Suppose the process {h,} is distributed according to the volatility model of first
order (i.e. with p = 1). Show that the process variables {h,, } are uncorrelated.(4p)

Solution: In the volatility model of order 1 we have that (according to the sum-

mary of formulae) h,, = 0,6, where 02 = ¢®» and A, = ag + a1 A, + ¢d, and

where {¢,} and {9,,} are white noise processes indpendent of each other. Since

E(e,) = 0 and €,lo, we have for & > 0 that C(hp, hyix) =

= E(hnthrk) - E(hn)E(thrk) = E(hnanJrkenJrk) - E(Jnen)E(O—nJrkenJrk) =

= E(hnonik) E(€nir) —E(0n) E(€,) E(0nir) E(€nsr) = 0, i.e. the variables {h,}
—— —— ——

=0 =0 =0
are uncorrelated. O

5. Show that if {X,} and {Y,,} are supermartingales with respect to the filtrations
{FX} and {FY} respectively, then {min(X,,Y,)} is also a supermartingale with
respect to the filtration {o(FX, FY)}. (5p)

Hint: Remember Jensens inequality: g:R"—R concave = E(g(X))<g(E(X)).

Solution: FE(X,|FX) < X,, E(Y,u|FY) < Y, Then because min(z,y)
is a concave function in z and y we have according to Jensens inequality that
BE(min(Xo41, Yor|o(F, FY)) < min(B(Xn |o (5, 7)), EVanlo(F, L Fy ) <

<X, R
< min(X,,Y,). Thus {min(X,,Y,)} is a supermartingale with respect to
{o(F5 7)) =




