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1. Show that if {Xn : n ≥ 0} is a local martingale with respect to the filtra-
tion {Fn} and max(E(X+

n
), E(X−

n
)) < ∞ (where X+

n
= max(0, Xn) and X−

n
=

−min(0, Xn)), then {Xn : n ≥ 0} is a martingale with respect to {Fn}. (5p)

Solution: (Se p 100, Essentials of Stochastic Finance. Facts, Models, Theory.

by A.N. Shiryaev.) 2

2. Let {Nt : t ≥ 0} be a Poisson process with intensity λ = 3.

(a) Calculate P (N5 > 4). (3p)

Is the process {Yn : n ∈ Z
+} defined by Yn =

∑
n

k=1(−1)k(Nk − Nk−1) for all
n = 1, 2, 3, . . .

(b) weakly stationary? (4p)

(c) a martingale with respect to the filtration {Fn} where Fn = σ(Y1, . . . , Yn)?
(4p)

Solution:

(a) P (N5 > 4) = 1 − P (N5 ≤ 4) = 1 − P (N5 = 4) − P (N5 = 3) − P (N5 =

2)−P (N5 = 1)−P (N5 = 0) = 1− (3·5)4

4!
e−3·5 − 153

3!
e−15 − 152

2!
e−15 − 151

1!
e−15 −

150

0!
e−15 = 1 − 2800.375e−15 = 0.9991434. 2

(b) Yn = −(N1 − N0) + (N2 − N1) − (N3 − N2) + . . . + (−1)n(Nn − Nn−1).
Thus E(Y1) = E(−(N1 − N0) = −(E(N1) − 0) = −3 and E(Y2) =
= E(−(N1 −N0) + (N2 −N1)) = E(−2N1 + N2) = −2E(N1) + E(N2) = 0.
But for weak stationarity E(Yn) should be constant with respect to n. Thus
{Yn} is not weakly stationary. 2

(c) E(Yn+1|Fn) = E(
∑

n+1
k=1(−1)k(Nk − Nk−1)|Y1, . . . , Yn) = E((−1)n+1(Nn+1 −

Nn) + Yn|Y1, . . . , Yn) = E((−1)n+1(Nn+1 −Nn)) + Yn = (−1)n+1(3(n + 1) −
3n) + Yn = 3(−1)n+1 + Yn. But (−1)n+1 6= 0 for all n = 1, 2, 3, . . . so {Yn}
cannot be a martingale. 2



3. Let {Xt : t ∈ Z} be an AR(2) process with a1 = 1
2
, a2 = −1

3
and σ2

ǫ
= 1

6
with

covariance function R(h) = C(Xt, Xt+h). Determine R(0), R(1) and R(2). (5p)

Solution: For simplicity let us denot R(h) by Rh, h ∈ Z
+ and remember that

R(−k) = R(k). According to the Yule-Walker equations we have that






R0 − (a1R1 + a2R2) = σ2
ǫ

R1 − (a1R0 + a2R1) = 0
R2 − (a1R1 + a2R0) = 0

∼







R0 −
1
2
R1 + 1

3
R2 = 1

6

R1 −
1
2
R0 + 1

3
R1 = 0

R2 −
1
2
R1 + 1

3
R0 = 0

∼

∼







6R0 − 3R1 + 2R2 = 1
−3R0 + 8R1 = 0
2R0 − 3R1 + 6R2 = 0

∼







6R0 − 3R1 + 2R2 = 1
−3R0 + 8R1 = 0
16R0 − 6R1 = 3

∼

∼







6R0 − 3R1 + 2R2 = 1
−3R0 + 8R1 = 0
(−18 + 128)R0 = 24

∼







R0 = 12
55

= 0.2181818

R1 = −3−16R0

6
= 9

110
= 0.0818182

R2 = 1

2
(1 − 6R0 + 3R1) = − 7

220
= −0.0318182

2

4. Suppose the process {hn} is distributed according to the volatility model of first
order (i.e. with p = 1). Show that the process variables {hn} are uncorrelated.(4p)

Solution: In the volatility model of order 1 we have that (according to the sum-
mary of formulae) hn = σnǫn where σ2

n
= e∆n and ∆n = a0 + a1∆n−1 + cδn and

where {ǫn} and {δn} are white noise processes indpendent of each other. Since
E(ǫn) = 0 and ǫn⊥σn we have for k > 0 that C(hn, hn+k) =
= E(hnhn+k) − E(hn)E(hn+k) = E(hnσn+kǫn+k) − E(σnǫn)E(σn+kǫn+k) =
= E(hnσn+k) E(ǫn+k)

︸ ︷︷ ︸

=0

−E(σn) E(ǫn)
︸ ︷︷ ︸

=0

E(σn+k) E(ǫn+k)
︸ ︷︷ ︸

=0

= 0, i.e. the variables {hn}

are uncorrelated. 2

5. Show that if {Xn} and {Yn} are supermartingales with respect to the filtrations
{FX

n
} and {FY

n
} respectively, then {min(Xn, Yn)} is also a supermartingale with

respect to the filtration {σ(FX

n
,FY

n
)}. (5p)

Hint: Remember Jensens inequality: g :Rn→R concave ⇒ E(g(X))≤g(E(X)).

Solution: E(Xn+1|F
X

n
) ≤ Xn, E(Yn+1|F

Y

n
) ≤ Yn. Then because min(x, y)

is a concave function in x and y we have according to Jensens inequality that
E(min(Xn+1, Yn+1|σ(FX

n
,FY

n
)) ≤ min(E(Xn+1|σ(FX

n
,FY

n
))

︸ ︷︷ ︸

≤Xn

, E(Yn+1|σ(FX

n
,FY

n
))

︸ ︷︷ ︸

≤Yn

) ≤

≤ min(Xn, Yn). Thus {min(Xn, Yn)} is a supermartingale with respect to
{σ(FX

n
,FY

n
)}. 2


