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1. Show that if C∗ is the upper price of hedging against some non-negative FN -
measurable function fN and a contract is sold for a price greater than C∗, then
there exists an opportunity for arbitrage for the seller. (5p)

Solution: (See pp 396–397 in Essentials of stochastic finance. Facts, models,

theory by A.N. Shiryaev.) 2

2. Suppose {ht : t ∈ Z+} is an AR(1) process with parameters a1 = 0.78 and white
noise variance σ2

ǫ = 1. Then calculate

(a) V (ht), (3p)

(b) P (ht + ht−1 ≤ 1). (4p)

Solution:

(a) Since hs⊥ǫt whenever s < t we have that σ2
h

= V (ht) = V (0.78ht−1 + ǫt) =
= 0.782V (ht−1) + σ2

ǫ = 0.782σ2
h + 1 ⇒ σ2

h(1 − 0.782) = 1 ⇒ σ2
h = 2.5536.

(b) All variables of the AR process are normally distributed so in order to calcu-
late the probability P (ht + ht−1 ≤ 1) we need just to find µ = E(ht + ht−1)
and σ2 = (ht + ht−1). We get E(ht + ht−1) = E(ht) + E(ht−1) = 0 and
V (ht + ht−1) = C(ht + ht−1, ht + ht−1) = V (ht) + V (ht−1) + 2C(ht, ht−1) =
2σ2

h + 2R(1). From the Yule Walker equations we have that k = 0 :
R(0)−0.78R(−1) = 1 and k = 1 : R(1)−0.78R(0) = 0. Since R(−1) = R(1)
we get R(0) = V (ht) = 2.5536 and R(1) = C(ht, ht−1) = 2.5536. Therefore
V (ht + ht−1) = 2 · 2.5536 + 2 · 1.9918 = 9.0909. Thus P (ht + ht+1 ≤ 1) =
= Φ( 1−0√

9.0909
) = 0.6293. 2



3. Suppose that {ht : t ∈ Z+} is a GARCH(1, 1) model.

(a) Calculate the first moment of {ht}. (3p)

(b) Caclulate the second moment of {ht}. (4p)

(c) Assuming a1 > 0, show that {ht} is leptokurtic. (6p)

Solution:

(a) E(ht) = E(σtǫt) = E(σt) · 0 = 0.

(b) E(h2
t ) = E(σ2

t )E(ǫ2
t ) = E(a0 + a1h

2
t−1 + b1σ

2
t−1) = a0 + a1E(h2

t ) + b1E(σ2
t−1).

Here E(σ2
t−1) = E(σ2

t−1ǫ
2
t−1) = E(h2

t−1) = E(h2
t ) so E(h2

t )(1 − a1 − b1) =
= a0 ⇒ E(h2

t ) = a0

1−a1−b1
.

(c) To show that {ht} is leptokurtic we need to show that
E(h4

t
)

(E(h2
t
))2

− 3 > 0.

E(h4
t ) =

3a2

0
(1+a1+b1)

(1−a1−b1)(1−3a2

1
−b2

1
−2a1b1)

where by the definition of the GARCH

model a0 > 0 and a1 ≥ 0, b1 ≥ 0. Thus the kurtosis is
E(h4

t
)

(E(h2
t
))2

− 3 =

=
3a2

0
(1+a1+b1)

(1−a1−b1)(1−3a2

1
−b2

1
−2a1b1)

· (1−a1−b1)2

a2

0

− 3 =
6a2

1

1−3a2

1
−b2

1
−2a1b1

and this is > 0 iff

a1 > 0 and 1−3a2
1−b2

1−2a1b1 > 0. Now, a1 > 0, b1 ≥ 0 and E(h4
t−1) ≥ 0 ⇒

⇒

8

<

:

(1 − a1 − b1 > 0 and 1 − 3a2

1
− b2

1
− 2a1b1 > 0)

or
(1 − a1 − b1 < 0 and 1 − 3a2

1
− b2

1
− 2a1b1 < 0)

However, since E(h2
t ) = a0

1−a1−b1
≥ 0 and a0 > 0 we have that 1−a1 − b1 > 0

implying that 1 − 3a2
1 − b2

1 − 2a1b1 > 0 which means that the kurtosis is
positive, i.e. that the process {ht} is leptokurtic. 2

4. Is the process {Xn : n = 0, 1, 2, . . .} a martingale, a submartingale or a super-
martingale with respect to the σ-algebra Fn = {σ(Y0, Y1, . . . , Yn)} where Xn =
max(−1, Yn) and {Yn} is a random walk with Y0 = 0 and P (Yn − Yn−1 = 1) =
= P (Yn − Yn−1 = −2) = 0.5 for all n = 1, 2, 3, . . .? (5p)

Solution: Conditional on Yn−1 = yn−1 we have that

Xn =

{

max(−1, 1 + yn−1) with probability 0.5
max(−1,−2 + yn−1) with probability 0.5

.

Thus E(Xn|Yn−1 = yn−1) = 0.5 max(−1, 1 + yn−1) + 0.5 max(−1,−2 + yn−1) =
= max(−0.5 + (−0.5), 0.5yn−1 + 0.5 + 0.5yn−1 − 0.5 · 2) = max(−1, yn−1 − 0.5) ≤
≤ max(−1, yn−1). Thus {Xn} is a supermartingale. 2


