SOLUTIONS TO EXERCISE EXAM FOR STOCHASTIC MODELS IN DISCRETE TIME
2.5 pOINTS/3.75 ECTS

Master’s program of Financial Mathematics
October 20, 2006, 9.00 — 13.00

Max number of points: 30.

Halmstad University grading bounds: 12p = grade 3, 18p=-grade 4, 24p = grade 5.
ECTS bounds: 12p=-grade E, 15p = grade D, 18p = grade C, 21p = grade B, 24p = grade A.
Allowed aids: Summary of formulae attached to the exam, calculator and dictionary.
Examiner: Eric Jarpe (035-16 76 53, 0702-822 844).

1. Show the equivalence for strategies 7€ SF in a (B, S)-market with dividends

{ X" = B.Bp 4 (S, + Dy)

for all n € Z*. (3p)

Solution: We must show that AX™ = (,AB, + v,(AS, + AD,,) using only
that X7 = 5,B, + 7a(Sy + Dy) and X7 = >0 AXy, B, = >/ ABy,
Sn =>4 1 ASk, D, =5",_ ADy, (assuming Xj = By = Sy = Dy = 0).
AXy = X7 —X7,

- ﬂan + /Vn(Sn + Dn) - 6n—an—1 - ’Yn—l(Sn—l + Dn—l)

n n n n—1 n—1 n—1
= Bu ABe+ (L AS+ 3 AD) = Bt LAB =1 ( L AS + X AD,)

n— n—1 n—
= (B u) TAB+ () T A+ S AD) + 8,88, +73,(A8, + AD,)

(compare with (9) on page 386 in Essentials of Stochastic Finance by A.N.

n—1 n—1 n—1
Shiryaev). Here (6, — Bn-1) D, ABk + (V0 — ”yn_1)< STASE + ZADk> =
= B, 1ALy + (Sn—1+ Dp_1)Av, = 0. Thus AXT = 5,AB,, + v,(AS, + AD,,).
(This proves the statement in both directions of implication.) O



2. Calculate the second moment of the stationary HARCH(2) process. (3p)

Solution: h, = o,¢, where {¢,} is white noise and

O'g = ag + (CLl + ag)hi_l + aghi_z + 2a2hn_1hn_2.

Since E(hn_lhn_g) = E(En_lan_lhn_g) = E(En_l) E(Un_lhn_g) =0
——

=0
we have that the second moment is

E(h%) = E(O’%) E(Ei) = E(Clo + (CLl + &Q)h%_l + agh%_z —+ 2a2hn_1hn_2) =

=1

=ag + (CLl —+ ag) E(hi—l) “+as E(hi_Q) +2a2 E(hn_lhn_g) =
——— ——— ——

=E(h7) =EB(h3) =0

a
E(hy)(1 — (a1 + a2) — az) = ag = E(h}) = ﬁ 0
a2

3. Let {X,, : n € Z"} be a random walk white noise increments {¢,}.

(a) Is the process {Y,} defined by Y,, = %Xn weakly stationary? (4p)
(b) Show that F(X,)=0but VCeR: lim P(|X,| > C) = 1. (5p)
Solution:

(a) Y, = ﬁkz_jlek where €, € N(0,1) and i # j = ¢ Le;.
For {Y;} to be weakly stationary we must have that E(Y,) = m and
Cov(Yy, Yoin) = R(h). We do have that E(Y,) = ﬁ > E(ex) = 0 and
k=1

Cov(Y,,Y,) = D(Y,) = + 3= D(e;) {because ¢ are independent} = 1 inde-
k=1
pendently of n. But

n+h

Cov(Yy, Ynin) = Cov <% Z €k, \/n;ﬂ Z ek>
= k=1

n  n+th
— Jﬁ(;;COU €ir € +;];1COU €i) €; )

#J

= 1 D(EZ) + 0
\/n(n+h) 12:1:
- V&

which is not independent of n. Thus {Y,,} is not weakly stationary.



(b) E(er) =0 = E(X,) = é E(er) =0 and

{D(e;) =1 and ¢; Le; whenever i # j} = D(X,) = é (€) =

er € N(0,1) = X, € N(0,n) -

= P(X.| > O) = P({Xn < ClU{X, > c}) — 2P(X, > C) =

- 2(1 - @(%)). Now lim P(|X,| > C) = lim 2(1 - %) -
1.

n—oo

- 2(1 ~ lim Mﬂ) - 2(1 ~ Tim f_coé\/ﬁq)(dm» = 2(1 - ®(0)) =

n—oo

4. Consider the following game with a single dice: in round n we throw a fair dice
and if the dice shows

e 6, then we get 6 SEK
e 1,2 3 or 4, then we must pay that amount SEK

e 5, then we throw the dice again and then if the dice shows
— 5 or 6, then we get twice that amount SEK
— 1, 2, 3 or 4 then we must pay that amount SEK

Determine whether this game is a martingale, a supermartingale or a submartin-
gale for us. (3p)

Solution: Let g, be our gain from round n. Then the total gain by round n is

G, = > r_, gr and the question is whether {G,} is a martingale, a supermartin-

gale or a submartingale.

Let Dy be the outcome of the first throw and Dy the outcome of the (possible)

second throw. Then we have that

P(g, = 6) = P(Dy = 6) = 1
=2-5)=P(D;=5N Dy =5) =

L
3

P(gn

P(gn:2 6) P(D1—5HD2 6)_316

P(gn ~1)=P({Di=1}U{Di=5NDy=1})=1+1.1=1
P(gn=~2) = --=32 P(gy = —3) = P(gn = —4)

Now, letQ ={-4,-3,-2,—-1,6,10,12}. Then E(g,) =

= Z kP(gnzk)——l 2. L 3.1 -4.L46-1+10-L+12- L =-1
keQ,

With 7, = o(g1, ..., gn) we have that E(Gpi1 | Fn) = E(Gu+Gnt1| 91, gn)

=Gp+ E(gni1) = G, — % < G,. Thus {G,} is a supermartingale. O



5. Let {X;} be a stationary AR(2) process with coefficients a; = 0 and ay = a # 0.

(a) Calculate the value of o2 if a = 1 and D(X;) = 1. (3p)

(b) Determine the covariance function of {X,}. (4p)

(¢) Derive the maximum likelihood estimator of a. (5p)
Solution:

(a) Xy = 3Xi-2+0c forall t =
1= D(Xt) = D(%Xt_g + Ueet) = iD(Xt—2) —+ UzD(Et) = i —+ 062 = 0'62 = %
(b) R(1) = Cov(Xy, Xi—1) = Cov(aXi—o+ 06, Xi—1) = aCov(Xy—o9, X;—1)+0 =
=aR(1) = R(1)=0
R(2) = Cov(Xy, Xy—2) = Cov(aX; o+ 0e€y, Xy 2) =aD(X; 2)+0=a

R(3)=0
R(4) = Cov(Xy, Xi—g) = Cov(aXi_o+ 06, Xi—g) = aCov(Xy—9, X;—4)+0 =

=aR(2) =
a? if h is even
R(h) - { 0 0.W

(c) BE(X;]| Xi—2) = aX;_» and D(X;|X; ) = 02 so the density funciton of z;
given w1, xy o9, ... 18 f(xy | x4_1,T4-0,...;0) = ﬁ exp(—ﬁ(ast—axt_g)%
and so the likelihood function, L(a) (i.e. the joint density of the sample

x = (x1,29,... ,xt) conditional on the tWO first observations, z; and )

is f(xy,|21,29) = tgf(xt\xt—z, a) = H \/—exp( 507 (T — am2)?) =

(2m02)~("=2)/2 exp ( — 55 > (2 — axy_) ) The log likelihood is therefore
€ =3

n
((a) =InL(a) = =22 In(270?2) — 555 > (2 — awy—s)?.
€ t=3
To maximise this we want to solve the equation

%(a) =0 = _202 Z 2(—zp—9)(xy —axy_2) =0

= thﬁt 2 = Za% 2
t=3 t=3
TtTt—2

L 4 Zis
> a7,
t=3



