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1. Show the equivalence for strategies π∈SF in a (B, S)-market with dividends

{
Xπ

n = βnBn + γn(Sn + Dn)
Bn−1∆βn + (Sn−1 + Dn−1)∆γn = 0

}

⇐⇒ ∆Xπ
n = βn∆Bn+γn(∆Sn+∆Dn)

for all n ∈ Z
+. (3p)

Solution: We must show that ∆Xπ
n = βn∆Bn + γn(∆Sn + ∆Dn) using only

that Xπ
n = βnBn + γn(Sn + Dn) and Xπ

n =
∑n

k=1 ∆Xk, Bn =
∑n

k=1 ∆Bk,
Sn =

∑n
k=1 ∆Sk, Dn =

∑n
k=1 ∆Dk (assuming Xπ

0 = B0 = S0 = D0 = 0).

∆Xπ
n = Xπ

n − Xπ
n−1

= βnBn + γn(Sn + Dn) − βn−1Bn−1 − γn−1(Sn−1 + Dn−1)

= βn

n∑
∆Bk + γn

( n∑
∆Sk +

n∑
∆Dk

)

− βn−1

n−1∑
∆Bk − γn−1

( n−1∑
∆Sk +

n−1∑
∆Dk

)

= (βn−βn−1)
n−1∑

∆Bk + (γn−γn−1)
( n−1∑

∆Sk +
n−1∑

∆Dk

)

+ βn∆Bn + γn(∆Sn + ∆Dn)

(compare with (9) on page 386 in Essentials of Stochastic Finance by A.N.

Shiryaev). Here (βn − βn−1)
n−1∑

∆Bk + (γn − γn−1)
( n−1∑

∆Sk +
n−1∑

∆Dk

)

=

= Bn−1∆βn + (Sn−1 + Dn−1)∆γn = 0. Thus ∆Xπ
n = βn∆Bn + γn(∆Sn + ∆Dn).

(This proves the statement in both directions of implication.) 2



2. Calculate the second moment of the stationary HARCH(2) process. (3p)

Solution: hn = σnεn where {εn} is white noise and
σ2

n = a0 + (a1 + a2)h
2
n−1 + a2h

2
n−2 + 2a2hn−1hn−2.

Since E(hn−1hn−2) = E(εn−1σn−1hn−2) = E(εn−1)
︸ ︷︷ ︸

=0

E(σn−1hn−2) = 0

we have that the second moment is

E(h2
n) = E(σ2

n) E(ε2
n)

︸ ︷︷ ︸

=1

= E(a0 + (a1 + a2)h
2
n−1 + a2h

2
n−2 + 2a2hn−1hn−2) =

= a0 + (a1 + a2) E(h2
n−1)

︸ ︷︷ ︸

=E(h2
n)

+a2 E(h2
n−2)

︸ ︷︷ ︸

=E(h2
n)

+2a2 E(hn−1hn−2)
︸ ︷︷ ︸

=0

⇒

⇒ E(h2
n)(1 − (a1 + a2) − a2) = a0 ⇒ E(h2

n) =
a0

1 − a1 − 2a2

. 2

3. Let {Xn : n ∈ Z
+} be a random walk white noise increments {εn}.

(a) Is the process {Yn} defined by Yn = 1√
n
Xn weakly stationary? (4p)

(b) Show that E(Xn) = 0 but ∀C∈R : lim
n→∞

P (|Xn| > C) = 1. (5p)

Solution:

(a) Yn = 1√
n

n∑

k=1

εk where εk ∈ N(0, 1) and i 6= j ⇒ εi⊥εj.

For {Yk} to be weakly stationary we must have that E(Yn) = m and

Cov(Yn, Yn+h) = R(h). We do have that E(Yn) = 1√
n

n∑

k=1

E(εk) = 0 and

Cov(Yn, Yn) = D(Yn) = 1
n

n∑

k=1

D(εk) {because εk are independent} = 1 inde-

pendently of n. But

Cov(Yn, Yn+h) = Cov
( 1√

n

n∑

k=1

εk,
1√

n + h

n+h∑

k=1

εk

)

=
1

√

n(n + h)

( n∑

i=1

n∑

j=1

Cov(εi, εj) +
n∑

i=1

n+h∑

j=n+1

Cov(εi, εj
︸︷︷︸

i6=j

)
)

= 1√
n(n+h)

n∑

i=1

D(εi) + 0

=
√

n
n+h

which is not independent of n. Thus {Yn} is not weakly stationary.



(b) E(εk) = 0 ⇒ E(Xn) =
n∑

k=1

E(εk) = 0 and

{D(εk) = 1 and εi⊥εj whenever i 6= j} ⇒ D(Xn) =
n∑

k=1

D(εk) = n

εk ∈ N(0, 1) ⇒ Xn ∈ N(0, n)

⇒ P (|Xn| > C) = P
(

{Xn < −C} ∪ {Xn > C}
)

= 2P (Xn > C) =

= 2
(

1 − Φ( C√
n
)
)

. Now lim
n→∞

P (|Xn| > C) = lim
n→∞

2
(

1 − Φ( C√
n
)
)

=

= 2
(

1 − lim
n→∞

Φ( C√
n
)
)

= 2
(

1 − lim
n→∞

∫ C/
√

n

−∞ Φ(dx)
)

= 2(1 − Φ(0)) = 1. 2

4. Consider the following game with a single dice: in round n we throw a fair dice
and if the dice shows

• 6, then we get 6 SEK

• 1, 2, 3 or 4, then we must pay that amount SEK

• 5, then we throw the dice again and then if the dice shows

– 5 or 6, then we get twice that amount SEK

– 1, 2, 3 or 4 then we must pay that amount SEK

Determine whether this game is a martingale, a supermartingale or a submartin-
gale for us. (3p)

Solution: Let gn be our gain from round n. Then the total gain by round n is
Gn =

∑n
k=1 gk and the question is whether {Gn} is a martingale, a supermartin-

gale or a submartingale.
Let D1 be the outcome of the first throw and D2 the outcome of the (possible)
second throw. Then we have that
P (gn = 6) = P (D1 = 6) = 1

6

P (gn = 2 · 5) = P (D1 = 5 ∩ D2 = 5) = 1
36

P (gn = 2 · 6) = P (D1 = 5 ∩ D2 = 6) = 1
36

P (gn = −1) = P ({D1 = 1} ∪ {D1 = 5 ∩ D2 = 1}) = 1
6

+ 1
6
· 1

6
= 7

36

P (gn = −2) = . . . = 7
36

= P (gn = −3) = P (gn = −4)
Now, let Ωg = {−4,−3,−2,−1, 6, 10, 12}. Then E(gn) =
=

∑

k∈Ωg

kP (gn = k) = −1 · 7
36
− 2 · 7

36
− 3 · 7

36
− 4 · 7

36
+ 6 · 1

6
+ 10 · 1

36
+ 12 · 7

36
= −1

3
.

With Fn = σ(g1, . . . , gn) we have that E(Gn+1 | Fn) = E(Gn +gn+1 | g1, . . . , gn) =
= Gn + E(gn+1) = Gn − 1

3
≤ Gn. Thus {Gn} is a supermartingale. 2



5. Let {Xt} be a stationary AR(2) process with coefficients a1 = 0 and a2 = a 6= 0.

(a) Calculate the value of σ2
ε if a = 1

2
and D(Xt) = 1. (3p)

(b) Determine the covariance function of {Xt}. (4p)

(c) Derive the maximum likelihood estimator of a. (5p)

Solution:

(a) Xt = 1
2
Xt−2 + σεεt for all t ⇒

1 = D(Xt) = D(1
2
Xt−2 + σεεt) = 1

4
D(Xt−2) + σ2

ε D(εt) = 1
4

+ σ2
ε ⇒ σ2

ε = 3
4
.

(b) R(1) = Cov(Xt, Xt−1) = Cov(aXt−2 +σεεt, Xt−1) = aCov(Xt−2, Xt−1)+0 =
= aR(1) ⇒ R(1) = 0

R(2) = Cov(Xt, Xt−2) = Cov(aXt−2 + σεεt, Xt−2) = aD(Xt−2) + 0 = a

R(3) = 0
R(4) = Cov(Xt, Xt−4) = Cov(aXt−2 +σεεt, Xt−4) = aCov(Xt−2, Xt−4)+0 =

= aR(2) = a2

...

R(h) =

{

ah/2 if h is even

0 o.w.

(c) E(Xt |Xt−2) = aXt−2 and D(Xt |Xt−2) = σ2
ε so the density funciton of xt

given xt−1, xt−2, . . . is f(xt | xt−1, xt−2, . . . ; a) = 1√
2πσ2

ε

exp(− 1
2σ2

ε
(xt−axt−2)

2)

and so the likelihood function, L(a) (i.e. the joint density of the sample
xt = (x1, x2, . . . , xt) conditional on the two first observations, x1 and x2)

is f(xt, | x1, x2) =
n∏

t=3

f(xt | xt−2; a) =
n∏

t=3

1√
2πσ2

ε

exp(− 1
2σ2

ε
(xt − axt−2)

2) =

(2πσ2
ε )

−(n−2)/2 exp
(

− 1
2σ2

ε

n∑

t=3

(xt − axt−2)
2
)

. The log likelihood is therefore

`(a) = ln L(a) = −n−2
2

ln(2πσ2
ε ) − 1

2σ2
ε

n∑

t=3

(xt − axt−2)
2.

To maximise this we want to solve the equation

d`
da

(a) = 0 ⇒ − 1
2σ2

ε

n∑

t=3

2(−xt−2)(xt − axt−2) = 0

⇒
n∑

t=3

xtxt−2 =
n∑

t=3

ax2
t−2

⇒ â =
Pn

t=3
xtxt−2

n
P

t=3

x2

t−2

2


