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1. Formulate and prove the necessity part of the Martingale Criterion of the Ab-
sence of Arbitrage. (6p)

Solution: (See Essentials of Stochastic Finance by A.N. Shiryaev, p 417.) 2

2. Let Xn =
∑n

k=k0
ckεk where ck ∈ R for all k and {εk} is white noise. Then what

kind of process is {Xn} and is it weakly stationary if

(a) k0 = 0 and ck = 1 for all k? (4p)

(b) k0 = n − 2 and ck = 2k−n? (4p)

Solution:

(a) Xn =
∑n

k=0 εk where i 6= j ⇒ εi ⊥ εj and E(εk) = 0 ⇒ {Xn} is a ran-
dom walk. This process is not weakly stationary because Cov(Xn, Xn+h) =

= Cov
( n∑

k=0

εk,
n+h∑

k=0

εk

)

= Cov
( n∑

k=0

εk,
n∑

k=0

εk

)

+ Cov
( n∑

k=0

εk,
n+h∑

k=n+1

εk

)

=

=
n∑

i=0

n∑

j=0

Cov(εi, εj)
︸ ︷︷ ︸

=1 if i=j,0 o.w.

+
n∑

i=0

n+h∑

j=n+1

Cov(εi, εj
︸︷︷︸

⊥

) =
n∑

i=0

1 + 0 = n + 1 which ap-

pearently is a function of n.



(b) Xn =
n∑

k=n−2

2k−nεk = 2−2εn−2+2−1εn−1+20εn = 1
4
εn−2+ 1

2
εn−1+εn ⇒ {Xn}

is an MA(2) process which is weakly stationary with covariance function

R(h) =







(1
4
)2 + (1

2
)2 + 12 = 21

16
if h = 0

1
4
· 1

2
+ 1

2
· 1 = 5

8
if |h| = 1

1
4
· 1 = 1

4
if |h| = 2

0 if |h| ≥ 3 2

3. Let {Xt} be a stationary ARCH(1) process.

(a) Calculate the variance of Xt. (4p)

(b) Show that {Xt} is leptokurtic. (4p)

Solution:

(a) Xt = σtεt where {εt} is white noise and σ2
t = a0 + a1X

2
t−1

E(Xt) = E(σtεt
︸︷︷︸

⊥

) = E(σt) E(εt)
︸ ︷︷ ︸

=0

= 0

E(X2
t ) = E(σ2

t ε
2
t

︸︷︷︸

⊥

) = E(σ2
t ) E(ε2

t )
︸ ︷︷ ︸

=1

= E(a0 + a1X
2
t−1) = a0 + a1 E(X2

t−1)
︸ ︷︷ ︸

E(X2
t )

⇒

⇒ E(X2
t )(1 − a1) = a0 ⇒ E(X2

t ) = a0

1−a1
⇒

⇒ D(Xt) = E(X2
t ) − E(Xt)

2

︸ ︷︷ ︸

=0

= a0

1−a1

.

(b) E(X4
t ) = E(σ4

t ) E(ε4
t )

︸ ︷︷ ︸

=3

= 3E((a0 + a1X
2
t−1)

2) =

= 3(a2
0 + 2a0a1E(X2

t−1) + a2
1E(X4

t−1)) = 3a2
0 + 6a0a1 · a0

1−a1
+ 3a2

1E(X4
t−1) ⇒

⇒ E(X4
t )(1 − 3a2

1) =
3a2

0
(1−a1)+6a2

0
a1

1−a1
⇒ E(X4

t ) =
3a2

0
(1+a1)

(1−3a2

1
)(1−a1)

.

Thus to be stationary |a1| < 1√
3
. Regarding the kurtosis we have that

E(Xt) = 0 ⇒ Kurtosis =
E(X4

t )

(E(X2
t ))2

−3 =
a2

0
(1+a1)

(1−3a2

1
)(1−a1)

· (1−a1)2

a2

0

−3 =
6a2

1

1−3a2

1

> 0

(since |a1| < 1√
3
) which proves that {Xt} is leptokurtic. 2



4. Each day n an agent considers
- either buying one asset for Bn SEK and, immediately, selling it for Sn SEK
- or do nothing and wait for next day.
The agent has the strategy to buy and sell at day n if Sn > Bn and wait otherwise,
which gives him the gain Gn of earnings up to day n. Assume that the sequences
{Bn} and {Sn} are independent at all levels and that Bn ∈ N(101, 1) and Sn ∈
N(100, 1).

(a) Show that the gain, {Gn}, from this strategy is a submartingale. (4p)

(b) To come to terms with this arbitrage, a fee paid by the agent at each time n

should be determined so that {Gn} is a martingale. How large should this
fee be? (4p)

Solution:

(a) The earnings from day n is Sn − Bn if the agent buys an asset at day
n or 0 if he does not. Thus Gn = Gn−1 + (Sn − Bn)I(Sn > Bn) =
= Gn−1 +(Sn −Bn)I(Sn −Bn > 0). Now, letting Z = Sn −Bn we have that
E(Sn−Bn|Sn > Bn) = E(Z|Z > 0) =

∫ ∞
0

z FZ(dz) ≥ 0. since z ∈ [0,∞) ⇒
z ≥ 0 and FZ(dz) = fZ(z)dz ≥ 0. Thus (with Fn = σ(G1, . . . , Gn))
E(Gn | Fn−1) = E(Gn−1 + (Sn − Bn)I(Sn > Bn) |Gn−1, . . . , G1) =
= Gn−1 + E(Z|Z > 0) ≥ Gn−1 so {Gn} is a submartingale.

(b) We have that E(Sn − Bn) = 100 − 101 = −1. Since Sn and Bn are inde-
pendent D(Sn − Bn) = D(Sn) + D(Bn) = 2. Thus, since Sn and Bn are
normally distributed Sn−Bn ∈ N(−1, 2). Now, letting Z = Sn−Bn we have
that E(Sn − Bn|Sn > Bn) = E(Z|Z > 0) =

∫ ∞
0

z FZ(dz) =
∫ ∞
0

z dΦ( z+1√
2
) =

∫ ∞
0

z 1√
2π·2 exp(− 1

2·2(z+1)2) dz

{
y = 1

2
(z + 1) z ∈ (0,∞)

dy = 1

2
dz y ∈ ( 1

2
,∞)

}

=
∫ ∞
1/2

2y−1
2
√

π
e−y2/22dy =

2√
π

∫ ∞
1/2

ye−y2/2dy
︸ ︷︷ ︸

I

−
√

2

∫ ∞

1/2

1√
2π

e−y2/2dy

︸ ︷︷ ︸

=1−Φ(0.5)

. Here

I =

{

u = e−y2/2 y ∈ ( 1

2
,∞)

du = −ye−y2/2dy u ∈ (e−1/8, 0)

}
∫ 0

e−1/8(−du) = e−1/8 ⇒

⇒ E(Sn − Bn|Sn > Bn) = 2√
π
e−1/8 −

√
2(1 − Φ(0.5)) = 0.5595062.

So the fee should be 0.5595062 SEK. 2


