SOLUTIONS TO EXAM FOR STOCHASTIC MODELS IN DISCRETE TIME
3.75 ECTS

Master’s program of Financial Mathematics
October 30, 2009, 9.00 — 13.00

Max number of points: 30.

Halmstad University grading bounds: 12p = grade 3, 18p=>grade 4, 24p = grade 5.
ECTS bounds: 12p=-grade E, 15p=-grade D, 18p = grade C, 21p = grade B, 24p = grade A.
Allowed aids: Summary of formulae attached to the exam, calculator and dictionary.
Examiner: Eric Jarpe (035-16 76 53, 0702-822 844).

1. Let X = {(X,,,F,) : n > 0} be a stochastic sequence with F(|Xy|) < co. Prove
that if X is a martingale transformation, then X is a local martingale. (4p)

Solution: (See pp 98 in Essentials of Stochastic Finance. Facts, Models, Theory.
by A.N. Shiryaev.) O

2. Assume {X,} is an MA(2) process with parameters by = by = by = 0> = 1.

Calculate
(a) the variance D(X,,) (3p)
(b) the probability P(X,, > X, 11 + 1) (4p)
Solution:

(a) D(X,) =D +e€,-1+€r2+€,) =D(ey-1) + D(€n—2) + D(e,) = 3.

(b) P(X,, > X,,i1+1)=1— P(X,, — X,,y1 < 1) where X,, — X,, 41 is normally
distributed with expectation p = E(X,, — X,41) = 0 and variance o? =
- D(Xn - Xn+1) - D(l + €, + €1+ €pa — (1 + €n+1 + €, + En—l)) =
= D(ep—92 — €441) = 2. Thus P(X,, > X011 +1) = 1 — CD(%) =
=1 ®(0.7071) = 0.2389. 0

3. Let {&}22, be a classical random walk starting in 0 at time 0.
(a) Prove that {&x} is non-stationary. (4p)

(b) Calculate the probability that the random walk returns to zero at time n.
(5p)

Solution:

(a) If the process is not weakly stationary it can not be stationary in any sense.
To be weakly stationary we have to have F (&) = m and C(&,&krn) =
R(h). Let us write & = S.F | X; where {X;} are independent and dis-

tributed P(X; = —1) = P(X; = 1) = i. Since E(X;) = 0 we have that



D(X) E(X?) = (-1)?P(X;=-1)+ 12P(X =1)=1and C(gk,ng)
K+h
(Zz 1X“Z+ X) <Zz 1X“21 1X)+C(Zz 1X7"ZZ k+1 )
Zi:l D(X;) + 0 = k. Thus the covariance function of {£;} can not be a
function of h (the time distance between the variables), and consequently
{&x} can not be stationary.

(b) Since the random walk is &, = > | X; where {X;} are independent and
distributed P(X; = —1) = P(X; = 1) = 1, the variables X; can be Written
as 2Y; — 1 where {Y;} are mdependent and Bernoulli distributed with 1, i.e.
P(Y;=0)=P;=1)=1%and ! | Vi € Bin(n,%). Now, P(¢, = ) =

P2 = 1) = 0) = P21, Y) —n = 0) = P(ZIL Y = 3) =

(n%)(%)n/?(l - %)n_n/Q if niseven
0 if nis odd

(J/LQ) 27" if n is even

0 if n is odd

4. (Cusum procedure) Let { X} be a sequence of independent identially distributed

random variables with zero mean, and let the sequence {S,} be defined by

n

S, = max X;
k=1,2,...,n
j=k

(a) Derive a recursive representation of {S,,}, i.e. find a relationship f such that,

with S; = X3, we have S, = f(X,,,S,—1) forn=2,3,... (3p)
(b) Prove that {S,} is a submartingale with respect to the flow F, =
:O'(XhXQ,...,Xn). (2p)
Solution: .
(&) S, = max X;
k=1,2,....,n
j=k

= maX(Z;'L1 2?2 Z]an Xy)
= max (X, + Y17 X;, X, +Z" Xy X+ X1, X 4 0)
= X, +max (377 X550 X, X,,0)

= X, + max (O max((d_7- L X ' D s DX, Xn_1)>
= X, +max(0,5,1)

(b) Assuming that F(]X,|) is finite = m, we have that FE(|S,|) =
= E(lmaxicicn 3075 X;l) < E(maxicecn 274 X)) < EQ2T |X; \) =
mn < oo. Of course S,, = maxj<g<y Z;‘:k X, € F, = U(XI,XQ, oo Xn).
Finally, since {X}} are independent and have zero mean, we have that
E(X,11|F,) = 0, and therefore that E(S,11|F,) = E(X,41+max(0, S,)|F)
= E(X,11|Fn) + E(max(0,.S,)|F,) = 0+ max(0,S,) > S,. O



5. Assume that {h;} is a stochastic volatility process of order 1 with parameters
ag, a1 such that 0 < a; < 1 and ¢ = 1. Prove that the fourth moment of h; is
bounded from above by 3e?. (5p)

Solution: In the stochastic volatility model of order 1 with ¢ = 1 we have
hy = os6; where 02 = e®t and Ay = ag + a; A1 + d;. Then, due to stationarity

E(h}) = my where

my = E(o}€)

= E(0})E(e})

= 3E(€2At) (1)
3E(62(a0+a1At—1+5t))

— 3€2a0E(62a1At,1)E<625t)

Now let Y; = €2, Then my = 3E(Y;). Further, f(y) = y® is a concave func-
tion since 0 < a; < 1. Thus E(f(Y;_1)) = E(e?ube1) < (B(e*r1))a =
(B(f(Y;21)))®, and my < 3e2®E(e2)(E(e?A-1))2. Due to stationarity we
get smy = E(Y;) = E(Y,—1) (from equation (1) above) and therefore my <
3?0 E(e?)(1)mg'. Solving with respect to my we get my~ " < 3171220 E(e2t),
Since 0; € N(0,1) we have
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and therefore

my < (31—a162a0€2)1/(1—a1) < 362(a0+1)/(1_a1)

Finally ap >0 and 0 <a; <1soap+1>1and 1—a; <1 and therefore



